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A symplectic manifold (M, u>) is a smooth manifold M endowed with a non- 
degenerate and closed 2-form uj. By Darboux's Theorem such a manifold looks 
locally like an open set in some K 2n = C™ with the standard symplectic form 



u> 



^dxjAdyj, (1) 



and so symplectic manifolds have no local invariants. This is in sharp contrast to 
Riemannian manifolds, for which the Riemannian metric admits various curva- 
ture invariants. Symplectic manifolds do however admit many global numerical 
invariants, and prominent among them are the so-called symplectic capacities. 

Symplectic capacities were introduced in 1990 by I. Ekeland and H. Hofer fT§ll3tj| 
(although the first capacity was in fact constructed by M. Gromov @0j)- Since 
then, lots of new capacities have been defined pilHHll^l^l^l^llHnilOTill?^ 
and they were further studied in pi fSl H71 ITTl OfTl r?TI r?Tl PT^l PTTl HT^l FTTI 

Em Eisi eh eu nun nun ezi ehi Em inn mm ins mm mn ehi ceo izsi ihhi ihui 

EU El E7J HH Surveys on symplectic capacities are I5U1 1551 1591 l9Tj . 

Different capacities are defined in different ways, and so relations between ca- 
pacities often lead to surprising relations between different aspects of symplectic 
geometry and Hamiltonian dynamics. This is illustrated in §0 where we discuss 
some examples of symplectic capacities and describe a few consequences of their 
existence. In §[3] we present an attempt to better understand the space of all 
symplectic capacities, and discuss some further general properties of symplectic 
capacities. In §0J we describe several new relations between certain symplectic 
capacities on ellipsoids and poly discs. Throughout the discussion we mention 
many open problems. 

As illustrated below, many of the quantitative aspects of symplectic geome- 
try can be formulated in terms of symplectic capacities. Of course there are 
other numerical invariants of symplectic manifolds which could be included in 
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a position financed by the DFG grant Schw 892/2-1. 
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a discussion of quantitative symplectic geometry, such as the invariants derived 
from Hofer's bi-invariant metric on the group of Hamiltonian diffeomorphisms, 
^]|^03], or Gromov-Witten invariants. Their relation to symplectic capaci- 
ties is not well understood, and we will not discuss them here. 

We start out with a brief description of some relations of symplectic geometry 
to neighbouring fields. 

1 Symplectic geometry and its neighbours 

Symplectic geometry is a rather new and vigorously developing mathematical 
discipline. The "symplectic explosion" is described in |22|. Examples of sym- 
plectic manifolds are open subsets of (R 2n ,uJo), the torus K 2n /Z 2 ™ endowed 
with the induced symplectic form, surfaces equipped with an area form, Kahlcr 
manifolds like complex projective space CP 71 endowed with their Kahler form, 
and cotangent bundles with their canonical symplectic form. Many more exam- 
ples are obtained by taking products and through more elaborate constructions, 
such as the symplectic blow-up operation. A diffcomorphism ip on a symplectic 
manifold (M,u>) is called symplectic or a symplectomorphism if p*uj = u). 

A fascinating feature of symplectic geometry is that it lies at the crossroad of 
many other mathematical disciplines. In this section we mention a few examples 
of such interactions. 

Hamiltonian dynamics. Symplectic geometry originated in Hamiltonian dy- 
namics, which originated in celestial mechanics. A time-dependent Hamiltonian 
function on a symplectic manifold (M, ui) is a smooth function H : R x M — > K. 
Since u> is non-degenerate, the equation 

lu(X h ,-) = dH(-) 

defines a time-dependent smooth vector field Xh on M. Under suitable assump- 
tion on H , this vector field generates a family of diffeomorphisms <p H called the 
Hamiltonian flow of H. As is easy to see, each map ip l H is symplectic. A 
Hamiltonian diffeomorphism ip on M is a diffeomorphism of the form Lp x H . 

Symplectic geometry is the geometry underlying Hamiltonian systems. It turns 
out that this geometric approach to Hamiltonian systems is very fruitful. Ex- 
plicit examples are discussed in §0 below. 

Volume geometry. A volume form CI on a manifold M is a top-dimensional 
nowhere vanishing differential form, and a diffcomorphism ip of M is volume 
preserving if <p*Cl = CI. Ergodic theory studies the properties of volume pre- 
serving mappings. Its findings apply to symplectic mappings. Indeed, since a 
symplectic form lo is non-degenerate, u n is a volume form, which is preserved 
under symplectomorphisms. In dimension 2 a symplectic form is just a volume 
form, so that a symplectic mapping is just a volume preserving mapping. In 
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dimensions 2n > 4, however, symplectic mappings are much more special. A 
geometric example for this is Gromov's Nonsqueezing Theorem stated in § 12.21 
and a dynamical example is the (partly solved) Arnol'd conjecture stating that 
Hamiltonian diffeomorphisms of closed symplectic manifolds have at least as 
many fixed points as smooth functions have critical points. For another link 
between ergodic theory and symplectic geometry see 

Contact geometry. Contact geometry originated in geometrical optics. A 
contact manifold (P, a) is a (2n — l)-dimensional manifold P endowed with a 
1-form a such that a A (da) n ~ l is a volume form on P. The vector field X on 
P defined by da(X, •) = and a(X) — 1 generates the so-called Reeb flow. The 
restriction of a time-independent Hamiltonian system to an energy surface can 
sometimes be realized as the Reeb flow on a contact manifold. Contact manifolds 
also arise naturally as boundaries of symplectic manifolds. One can study a 
contact manifold (P, a) by symplectic means by looking at its symplectization 
(P x K,rf(e'a)), see e.g. 02 EH 

Algebraic geometry. A special class of symplectic manifolds are Kahler man- 
ifolds. Such manifolds (and, more generally, complex manifolds) can be studied 
by looking at holomorphic curves in them. M. Gromov 001 observed that some 
of the tools used in the Kahler context can be adapted for the study of sym- 
plectic manifolds. One part of his pioneering work has grown into what is now 
called Gromov- Witten theory, see e.g. [73] for an introduction. 

Many other techniques and constructions from complex geometry are useful in 
symplectic geometry. For example, there is a symplectic version of blowing- 
up, which is intimately related to the symplectic packing problem, see |67l I71| 
and 14.1.21 below. Another example is Donaldson's construction of symplectic 
submanifolds |18j . Conversely, symplectic techniques proved useful for study- 
ing problems in algebraic geometry such as Nagata's conjecture El HI] an( A 
degenerations of algebraic varieties [7J. 

Riemannian and spectral geometry. Recall that the differentiable struc- 
ture of a smooth manifold M gives rise to a canonical symplectic form on its 
cotangent bundle T*M. Giving a Riemannian metric g on M is equivalent to 
prescribing its unit cosphere bundle S*M C T*M, and the restriction of the 
canonical 1-form from T*M gives S*M the structure of a contact manifold. The 
Reeb flow on S*M is the geodesic flow (free particle motion). 

In a somewhat different direction, each symplectic form to on some manifold M 
distinguishes the class of Riemannian metrics which are of the form u>(J-,-) for 
some almost complex structure J. 

These (and other) connections between symplectic and Riemannian geometry 
are by no means completely explored, and we believe there is still plenty to be 
discovered here. Here are some examples of known results relating Riemannian 
and symplectic aspects of geometry. 

1. Lagrangian submanifolds. A middle-dimensional submanifold L of (M, lu) is 
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called Lagrangian if ix> vanishes on TL. 

(i) Volume. Endow complex projective space CP™ with the usual Kahler metric 
and the usual Kahler form. The volume of submanifolds is taken with respect 
to this Riemannian metric. According to a result of Givental-Kleiner-Oh, the 
standard RP™ in CP™ has minimal volume among all its Hamiltonian deforma- 
tions [Sj. A partial result for the Clifford torus in CP ra can be found in 
The torus S 1 x S 1 c S 2 x S 2 formed by the equators is also volume minimizing 
among its Hamiltonian deformations, 51 . If L is a closed Lagrangian subman- 
ifold of (R 2n ,oJo), there exists according to |1UU| a constant C depending on L 
such that 



(ii) Mean curvature. The mean curvature form of a Lagrangian submanifold L 
in a Kahler-Einstcin manifold can be expressed through symplectic invariants 
of L, see |T5] . 

2. The first eigenvalue of the Laplacian. Symplectic methods can be used to 
estimate the first eigenvalue of the Laplace operator on functions for certain 
Riemannian manifolds |82| . 

3. Short billiard trajectories. Consider a bounded domain U C R™ with smooth 
boundary. There exists a periodic billiard trajectory on U of length I with 



where C n is an explicit constant depending only on n, see |1(J(JI 13 lj . 

2 Examples of symplectic capacities 

In this section we give the formal definition of symplectic capacities, and discuss 
a number of examples along with sample applications. 

2.1 Definition 

Denote by Symp 2n the category of all symplectic manifolds of dimension In, 
with symplectic embeddings as morphisms. A symplectic category is a subcat- 
egory C of Symp 2n such that (M, w) £ C implies (M, auj) € C for all a > 0. 

Throughout the paper we will use the symbol <^-> to denote symplectic 
embeddings and — > to denote morphisms in the category C (which may 
be more restrictive). 

Let B 2n (r 2 ) be the open ball of radius r in R 2 " and Z 2n (r 2 ) = B 2 (r 2 ) x R 2 "~ 2 
the open cylinder (the reason for this notation will become apparent below). 
Unless stated otherwise, open subsets of R 2rl are always equipped with the 



vol (ip h(L)) > C for all Hamiltonian deformations of L. 



(2) 



r < C„vol(£7) 



(3) 
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canonical symplectic form uiq = Y^j=i dyj Adxj. We will suppress the dimension 
2n when it is clear from the context and abbreviate 



B := B 2n (l), 



Z := Z 2n (l). 



Now let C C Symp be a symplectic category containing the ball B and the 
cylinder Z. A symplectic capacity on C is a covariant functor c from C to the 
category ([0, oo],<) (with a < b as morphisms) satisfying 

(Monotonicity) c(M,uj) < c(M',u>') if there exists a morphism (M, ui) — ► 



(Conformality) c(M, aw) = ac(M,u) for a > 0; 
(Nontriviality) < c(B) and c(Z) < oo. 

Note that the (Monotonicity) axiom just states the functoriality of c. A sym- 
plectic capacity is said to be normalized if 

(Normalization) c(B) = 1. 

As a frequent example we will use the set Op 2n of open subsets in R 2n . We make 
it into a symplectic category by identifying (U, u 2 ujq) with the symplectomorphic 
manifold (aU,u>o) for U C M. 2n and a > 0. We agree that the morphisms in this 
category shall be symplectic embeddings induced by global symplectomorphisms 
of R 2n . With this identification, the (Conformality) axiom above takes the form 

(Conformality)' c(aU) = a 2 c(U) for U € 0p 2n , a > 0. 
2.2 Gromov radius |40j 

In view of Darboux's Theorem one can associate with each symplectic manifold 
(M, ui) the numerical invariant 



called the Gromov radius of (M, ui), 40 . It measures the symplectic size of 
(M, ui) in a geometric way, and is reminiscent of the injectivity radius of a 
Riemannian manifold. Note that it clearly satisfies the (Monotonicity) and 
(Conformality) axioms for a symplectic capacity. It is equally obvious that 



If M is 2-dimensional and connected, then ttcb(M, ui) — J M ^, i-e. cb is pro- 
portional to the volume of M, see |91j . The following theorem from Gromov's 
seminal paper |4U) implies that in higher dimensions the Gromov radius is an 
invariant very different from the volume. 

Nonsqueezing Theorem (Gromov, 1985). The cylinder Z 6 Symp 2n sat- 
isfies cb(Z) = 1. 



(M'X); 



c B (M,u) := sup {a > | B 2n (a) ^ (M,ui 



)} 



Cfl(fl) = 1. 
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In particular, the Gromov radius is a normalized symplectic capacity on Symp n . 
Gromov originally obtained this result by studying properties of moduli spaces 
of pseudo-holomorphic curves in symplectic manifolds. 

It is important to realize that the existence of at least one capacity c with c(B) = 
c(Z) also implies the Nonsqueezing Theorem. We will see below that each of the 
other important techniques in symplectic geometry (such as variational methods 
and the global theory of generating functions) gave rise to the construction of 
such a capacity, and hence an independent proof of this fundamental result. 

It was noted in ^U] that the following result, originally established by Eliashberg 
and by Gromov using different methods, is also an easy consequence of the 
existence of a symplectic capacity. 

Theorem (Eliashberg, Gromov) The group of symplectomorphisms of a 
symplectic manifold (M,uj) is closed for the compact-open C° -topology in the 
group of all diffeomorphisms of M . 

2.3 Symplectic capacities via Hamiltonian systems 

The next four examples of symplectic capacities are constructed via Hamiltonian 
systems. A crucial role in the definition or the construction of these capacities is 
played by the action functional of classical mechanics. For simplicity, we assume 
that (M, uj) = (R 2 ™ ,uj q ). Given a Hamiltonian function H : S 1 x R 2 ™ -> R which 
is periodic in the time- variable t S S 1 = R./Z and which generates a global flow 
Lp l H , the action functional on the loop space C°°(S 1 , R 2n ) is defined as 



Its critical points are exactly the 1-periodic orbits of Lp l H . Since the action 
functional is neither bounded from above nor from below, critical points are 
saddle points. In his pioneering work |SS1|SHI, P. Rabinowitz designed special 
minimax principles adapted to the hyperbolic structure of the action functional 
to find such critical points. We give a heuristic argument why this works. 
Consider the space of loops 



where z — J^kez, e 27vkt J Zk, z^ S R 2 ™, is the Fourier series of z and J is the 
standard complex structure of R 2 ™ = C". The space E is a Hilbert space with 
inner product 



fcez 

and there is an orthogonal splitting E = E~ E° E + , z = z~ + z a + z + , into 
the spaces of z e E having nonzero Fourier coefficients zt £ R 2 ™ only for k < 0, 







G 



k = 0, k > 0. The action functional A H ■ C°°(5' 1 ,R 2 ™) -> R extends to E as 

^(z) - (j||z + || 2 -!|M| 2 ) -J H(t,z(t))dt. (5) 

Notice now the hyperbolic structure of the first term Ao (x) , and that the second 
term is of lower order. Some of the critical points z(t) = const of Ao should 
thus persist for H ^ 0. 

2.3.1 Ekeland-Hofer capacities |T31 I2U| 

The first constructions of symplectic capacities via Hamiltonian systems were 
carried out by Ekeland and Hofer |191 I2U| . They considered the space T of 
time-independent Hamiltonian functions H : R 2 " — * [0, oo) satisfying 

• H\u = for some open subset U C R 2n , and 

• H(z) = a\z\ 2 for \z\ large, where a > ir, a £ Ntt. 

Given k G N and H G J 7 , apply equivariant minimax to define the critical value 

Cff k '•= inf < sup Ah^j) | ^ C E is S' 1 -equivariant and ind(^) > k 

of the action functional J5J, where ind(^) denotes a suitable Fadell-Rabinowitz 
index [23 |20j of the intersection £ n S* + of ^ with the unit sphere 5+ C E + . 
The fc" 1 Ekeland-Hofer capacity c® H on the symplectic category Op 2n is now 
defined as 

cf H (f/) := inf {cn.k \ H vanishes on some neighborhood of If} 

if U C M 2 " is bounded and as 

cf H (J7) := sup{cj^ H (F) \ VCU bounded} 

in general. It is immediate from the definition that c™ < cf H < cf < . . . 
form an increasing sequence. Their values on the ball and cylinder are 

7T, cf H (Z) = fcTT, 

where [a;] denotes the largest integer < x. Hence the existence of c™ gives 
an independent proof of Gromov's Nonsqueezing Theorem. Using the capacity 
c™, Ekeland and Hofer JH a l so proved the following nonsqueezing result. 

Theorem (Ekeland-Hofer, 1990) The cube P = B 2 {\) x • • • x B 2 {1) C C" 
can be symplectically embedded into the ball B 2n (r 2 ) if and only if r 2 > n. 

Other illustrations of the use of Ekeland-Hofer capacities in studying embedding 
problems for ellipsoids and polydiscs appear in § 0] 



„EH 



(B) = 



k + n-1 
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2.3.2 Hofer-Zehnder capacity 49.I5U] 

Given a symplectic manifold (M, ui) we consider the class S(M) of simple Hamil- 
tonian functions H : M — > [0, oo) characterized by the following properties: 

• H = near the (possibly empty) boundary of M; 

• The critical values of H are and m&xH. 

Such a function is called admissible if the flow ip l H of H has no non-constant 
periodic orbits with period T < 1. 

The Hofer-Zehnder capacity cwl on Symp 2n is defined as 

chz(M) '■= sup {max H \ H <E S(M) is admissible} 

It measures the symplectic size of M in a dynamical way. Easily constructed 
examples yield the inequality cuz{B) > n. In |5U], Hofer and Zehnder 
applied a minimax technique to the action functional (0 to show that chz(-Z) < 
7r, so that 

chz(S) = chz(-Z') = 7T, 

providing another independent proof of the Nonsqueezing Theorem. Moreover, 
for every symplectic manifold (M,u) the inequality ttcb(M) < cnz(M) holds. 

The importance of understanding the Hofer-Zehnder capacity comes from the 
following result proved in |SU] . 

Theorem (Hofer-Zehnder, 1990) Let H : (M,ui) — > K be a proper autonomous 
Hamiltonian. If cwl{M) < oo, then for almost every c G H(M) the energy level 
iJ _1 (c) carries a periodic orbit. 

Variants of the Hofer-Zehnder capacity which can be used to detect periodic 
orbits in a prescribed homotopy class where considered in [HOI HOI • 

2.3.3 Displacement energy | 44L I56 | 

Next, let us measure the symplectic size of a subset by looking at how much 
energy is needed to displace it from itself. Fix a symplectic manifold (M, w) . 
Given a compactly supported Hamiltonian H : [0, 1] x M — > R, set 

\\H\\ := / ( sup H(t,x) - inf H(t,x)] dt. 
Jo \xeM x6M / 

The energy of a compactly supported Hamiltonian diffcomorphism (p is 

E(<p) := infill^ | V = ^}. 
The displacement energy of a subset A of Af is now defined as 
e(A, M) := inf{£(<rf | n A = 0} 
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if A is compact and as 

e(A, M) := sup {e(K, M) \ K c A is compact} 
for a general subset A of Af . 

Now consider the special case (M,uj) = (R 2 ",a->o)- Simple explicit examples 
show e(Z, R 2n ) < tt. In 01], H. Hofer designed a minimax principle for the 
action functional (JSJl to show that e(B,M. 2n ) > tt, so that 

e(5,R 2 ") = e(Z,R 2n ) = tt. 

It follows that e(-, R 2 ™) is a symplectic capacity on the symplectic category Op 2n 
of open subset of R 2n . 

One important feature of the displacement energy is the inequality 

cnz(U) <e(U,M) (6) 

holding for open subsets of many (and possibly all) symplectic manifolds, in- 
cluding (R 2n . luq). Indeed, this inequality and the Hofer-Zehnder Theorem imply 
existence of periodic orbits on almost every energy surface of any Hamiltonian 
with support in U provided only that U is displaceable in M. The proof of this 
inequality uses the spectral capacities introduced in S I2.3.4l below. 

As a specific application, consider a closed Lagrangian submanifold L of (R 2 ™, ujo). 
Viterbo |100| used an elementary geometric construction to show that 

e(L,R 2n ) < C n (vol(L)) 2/n 

for an explicit constant C n . By a result of Chekanov 22 > e (£,R 2n ) > 0. Since 
e (ipn {L), R 2 ™) = e(L,R 2 ™) for every Hamiltonian diffeomorphism of L. we 
obtain Viterbo's inequality (J2J. 

2.3.4 Spectral capacities |3^lllfl|gUll7gll751lgUllggll351 

For simplicity, we assume again (M, lu) = (R 2n ,o;o). Denote by Tt the space 
of compactly supported Hamiltonian functions H : S 1 x R 2 " — > R. An action 
selector a selects for each H G H the action a(H) = Ah{i) of a "topologically 
visible" 1-periodic orbit 7 of Lp l H in a suitable way. Such action selectors were 
constructed by Viterbo (HHI > who applied minimax to generating functions, and 
by Hofer and Zehnder [461 I5(J| . who applied minimax directly to the action 
functional ©. An outline of their constructions can be found in |31j . 

Given an action selector a for (R 2 ",w ), one defines the spectral capacity c a on 
the symplectic category Op 2n by 

c CT ([7) :— sup {o-(H) I H is supported in S 1 x U} . 

It follows from the defining properties of an action selector (not given here) 
that cnz(U) < Ca-(U) for any spectral capacity c CT . Elementary considerations 
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also imply c a {U) < e(U,R 2n ), see [SU i£| ESB E22] • In this way one in particular 
obtains the important inequality (JSJ) for M = K 2n . 

Another application of action selectors is 

Theorem (Viterbo, 1992) Every non-identical compactly supported Hamilto- 
nian diffeomorphism of (M. 2n , ojq) has infinitely many non-trivial periodic points. 



Moreover, the existence of an action selector is an important ingredient in 
Viterbo's proof of the estimate © for billiard trajectories. 

Using the Floer homology of (M,u>) filtered by the action functional, an ac- 
tion selector can be constructed for many (and conceivably for all) symplectic 
manifolds (M,u>), [32 ESJ [7^1 EDI EE] • This existence result implies the energy- 
capacity inequality J5J| for arbitrary open subsets U of such (M, to), which has 
many applications |89|. 

2.4 Lagrangian capacity [16j 

In |16) a capacity is defined on the category of 2n-dimensional symplectic man- 
ifolds (M,lu) with 7Ti(M) = 7T2(Af) = (with symplectic embeddings as mor- 
phisms) as follows. The minimal symplectic area of a Lagrangian submanifold 
LcMis 



The Lagrangian capacity of (JVf, oj) is defined as 

Cl(M, w) := sup{A m i n (L) | L C M is an embedded Lagrangian torus} . 
Its values on the ball and cylinder are 



As the cube P = B 2 (l) x ••■ x B 2 (l) contains the standard Clifford torus 
T n C C™, and is contained in the cylinder Z, it follows that Cl(P) = 7T. To- 
gether with cl(B) = 7r/n this gives an alternative proof of the nonsqueezing 
result of Ekeland and Hofer mentioned in § 12.3.11 There are also applications 
of the Lagrangian capacity to Arnold's chord conjecture and to Lagrangian 
(non)cmbedding results into uniruled symplectic manifolds |16|. 

3 General properties and relations between sym- 
plectic capacities 

In this section we study general properties of and relations between symplectic 
capacities. We begin by introducing some more notation. Define the ellipsoids 




cl(B) 



n/n, 



cl(Z) 



= 7T. 
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and polydiscs 

M 2 , , knl 2 



E(a) := E(ai, . . . , a„) := < z S 



< 1 



«i 

P(a) := P( ai , a n ) := B 2 ( ai ) x • • • x B 2 (a n ) 



for < ai < ■ ■ ■ < a n < oo. Note that in this notation the ball, cube and 
cylinder are B = E(l,...,l), P = P(l,...,l) and Z = E(l, oo, . . . , oo) = 
P(l, oo, . . . , oo). 

Besides Symp 2n and Op 2n , two symplectic categories that will frequently play 
a role below are 

Ell 2n : the cate gory of ellipsoids in K 2n , with symplectic embeddings induced 
by global symplectomorphisms of R 2 ™ as morphisms, 

Pol 2n : the cate gory of polydiscs in M 2 ™, with symplectic embeddings induced 
by global symplectomorphisms of M 2 ™ as morphisms. 



3.1 Generalized symplectic capacities 

From the point of view of this work, it is convenient to have a more flexible no- 
tion of symplectic capacities, whose axioms were originally designed to explicitly 
exclude such invariants as the volume. We thus define a generalized symplectic 
capacity on a symplectic category C as a covariant functor c from C to the cat- 
egory ([0, oo],<) satisfying only the (Monotonicity) and (Conformality) axioms 
of §0 

Now examples such as the volume capacity on Symp 2n are included into the 
discussion. It is defined as 

, /vol(M,^)\ 1/n 

where vol(M, u>) := f M u> n /n\ is the symplectic volume. For n > 2 we have 
Cvoi(-B) = 1 and c vo \(Z) — oo, so c vo \ is a normalized generalized capacity but 
not a capacity. Many more examples appear below. 



3.2 Embedding capacities 

Let C be a symplectic category. Every object (X, ft) of C induces two generalized 
symplectic capacities on C, 

c (x> n)(M,oj) := sup {a > | (X.afi) -> (M, to)} , 
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Here the supremum and infimum over the empty set are set to and oo, respec- 
tively. Note that 

c (x , n) (iW»= (c( M ^(X,ft))~\ (7) 

Example 1. Suppose that (X, ail) — > (X, f2) for some a > 1. Then cpf-mpf, fi) = 
oo and c<- x > n \X, O) = 0, so that 

► (M, w) for some (3 > 0, 

> (M, w) for no (3 > 0, 

(X,/3fi) for some /3 > 0, 
for no /3 > 0. 

The following fact follows directly from the definitions. 

Fact 1. Suppose that there exists no morphism (X, afl) — > (X, f2) /or any a > 1. 

= C ( X '°)(X,fi) = 1, and for every generalized capacity c with 

< c(X,h) < oo, 

c (x . n) (M, <j) < < C ( x '°) (M, W ) /or aiZ (M, w) G C. 

In oi/ier words, C(x.n) (Veaj). c^ x, °'J is i/ie minimal (resp. maximal) generalized 
capacity c with c{X, f2) = 1. 

Important examples on Symp 2n arise from the ball £> = B 2n (l) and cylinder 
Z = Z 2n (l). By Gromov's Nonsqueezing Theorem and volume reasons we have 
for n > 2: 

c B (Z) = 1, c z {B) = 1, c s (Z) = oo, c z (B) = 0. 

In particular, for every normalized symplectic capacity c, 

c B (M, lu) < c(M, lu) < c(Z) c z (M, lu) for all (M, w) € Symp 2n . (8) 

Recall that the capacity cb is the Gromov radius defined in § 12.21 The capacities 
Cb and c z are not comparable on Op 2n : Example [3| below shows that for every 
k £ N there is a bounded starshaped domain Uk of R 2n such that 

c B (U k ) < 2~ k and c z (U k ) > irk 2 , 

see also 

We now turn to the question which capacities can be represented as embedding 
capacities crx,Q) or c^ x,n ^ . 

Example 2. Consider the subcategory C C Op 2n of connected open sets. Then 
every generalized capacity c on C can be represented as the capacity c^ x,n ^ of 
embeddings into a (possibly uncountable) union {X, Q) of objects in C 

For this, just define (X, f2) as the disjoint union of all (X L , f2 t ) in the category 
C with c(X t , fi t ) = or c(X t , = 1. 



00 


if 


(x,pn) 





if 







if 


(M,w)- 


00 


if 


(M,oj)- 
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Problem 1. Which (generalized) capacities can be represented as S- x ^ for a 
connected symplectic manifold {X, Q) ? 

Problem 2. Which (generalized) capacities can be represented as the capacity 
c (x,n) °f embeddings from a symplectic manifold (A, fl) ? 

Example 3. Embedding capacities give rise to some curious generalized capac- 
ities. For example, consider the capacity c Y of embeddings into the symplectic 
manifold Y := liken B 2n (k 2 ). It only takes values and oo, with c Y (M, to) = 
iff (M, to) embeds symplectically into Y, cf. Example ^ If M is connected, 
vol(Af, to) — oo implies c Y (M, to) = oo. On the other hand, for every e > there 
exists an open subset U C R 2n , diffeomorphic to a ball, with vo\(U) < e and 
c Y (U) = oo. To see this, consider for k <E N an open neighbourhood Uk of volume 
< 2~ k e of the linear cone over the Lagrangian torus dB 2 (k 2 ) x • • • x dB 2 (k 2 ). 
The Lagrangian capacity of Uk clearly satisfies Ci(/7fe) > 7rfc 2 . The open set 
U := Ukef-iUk satisfies vol(U) < e and cl{U) = oo, hence U does not embed 
symplectically into any ball. By appropriate choice of the Uk we can arrange 
that U is diffeomorphic to a ball, cf. 88, Proposition A. 3]. 

Special embedding spaces. 

Given an arbitrary pair of symplectic manifolds {X, f2) and (M, u>), it is a diffi- 
cult problem to determine or even estimate C(x,n) {M, cj) and c^ x ' Q \M, oj). We 
thus consider two special cases. 

1. Embeddings of skinny ellipsoids. Assume that (M,u) is an ellipsoid 
E(a, ...,a, 1) with < a < 1, and that (X, Q) is connected and has finite 
volume. Upper bounds for the function 

e (x ' n) (a) = c (x < 0) (E(a, . . . , a, 1)) , a e (0, 1], 

are obtained from symplectic embedding results of ellipsoids into (X, f2), and 
lower bounds are obtained from computing other (generalized) capacities and 
using Fact^ I n particular, the volume capacity yields 

( e ^>(q))" > vo\(B) 
a™- 1 ~ vo\(X,fl)' 

The only known general symplectic embedding results for ellipsoids are obtained 
via multiple symplectic folding. The following result is part of Theorem 3 in 
|88| . which in our setting reads 

Fact 2. Assume that {X, CI) is a connected In- dimensional symplectic manifold 
of finite volume. Then 

(e<* n >(a)) n vol(S) 

hm z — - — = -. 

a^o a"- 1 vol(A, 0) 
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For a restricted class of symplectic manifolds, FactEJcan be somewhat improved. 
The following result is part of Theorem 6.25 of |88|. 

Fact 3. Assume that X is a bounded domain in (R 2n , Cl>o) with piecewise smooth 
boundary or that (X, Q) is a compact connected 2n- dimensional symplectic man- 
ifold. If n < 3, there exists a constant C > depending only on (X, tt) such 
that 



e 



(«)) , vol(g) , „ ^ 1 

; < ; / ; ; ; for all a < —r—. 

a"- 1 - vol(X, n) (1 - CaV«) J C n 

These results have their analogues for polydiscs P(a, . . . , a, 1). The analogue of 
Fact |3 is known in all dimensions. 

2. Packing capacities. Given an object (X, fi) of C and k G N, we denote by 
]J fc (X, il) the disjoint union of k copies of (X, fl) and define 



C(x,n-,k){M,uj) := sup < a > 



]J(X,afi)^(iW» 



If vol(X, f2) is finite, we see as in Fact ^ that 

We say that (M, w) admits a ,/WZ k-packing by (X, fi) if equality holds in 
For fcx, . . . , k n 6 N a full k\ ■ ■ ■ fc„-packing of B 2n (l) by E ( j-, . . . , j- ) is given 



fci ' " " " ' k„ r 

in [HSj- Full fc-packings by balls and obstructions to full fc-packings by balls are 
studied in El W\ El El ED ESI ESI 

Assume now that also vol(A/, ui) is finite. Studying the capacity C(x,n-,k)(M,ui) 
is equivalent to studying the packing number 

vol((U fc (X,qQ)) 
P(W )(M,^) = sup vq1(m ^ } 

where the supremum is taken over all a for which JJ k {X, afl) symplectically 
embeds into (M, lu). Clearly, P(x,n-,k){M, u>) < 1, and equality holds iff equality 
holds in 10. Results in 7Tj together with the above-mentioned full packings of 
a ball by ellipsoids from JJfl imply 

Fact 4. // X is an ellipsoid or a polydisc, then 

P(x,k)(M,u) -> 1 as k -> oo 
for every symplectic manifold (M, oj) of finite volume. 

Note that if the conclusion of Fact 0] holds for X and Y, then it also holds for 
XxY. 
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Problem 3. For which bounded convex subsets X of R 2n is the conclusion of 
Fact\^true? 

In [7J and the packing numbers P(x,k)(M) are computed for X = B 4 

and M = B 4 or CP 2 . Moreover, the following fact is shown in HUB]: 

Fact 5. If X = B 4 , then for every closed connected symplectic A-manifold 
(M, uj) with [ui] e H 2 (M;Q) there exists k (M,uj) such that 

P(X,k)(M,Uj) = 1 for all k > k {M,oj). 

Problem 4. For which bounded convex subsets X o/K 2 ™ and which connected 
symplectic manifolds [M, oj) of finite volume is the conclusion of Fact\^true? 

3.3 Operations on capacities 

We say that a function /: [0, oo]™ — > [0, oo] is homogeneous and monotone if 

f(axi, . . . , ax n ) = af(xi, . . . , x n ) for all a > 0, 
f(xi, ...,Xi,...,x n ) < f(x%,. ..,yi,...,x n ) for x. t < y. t . 

If / is homogeneous and monotone and c\ , . . . , c„ are generalized capacities, then 
/(ci, . . . , c n ) is again a generalized capacity. If in addition < /(l, . . . , 1) < oo 
and ci, . . . , c n are capacities, then /(ci, . . . , c n ) is a capacity. Compositions and 
pointwise limits of homogeneous monotone functions are again homogeneous 
and monotone. Examples include max(xi, . . . , x n ), min(a;i, . . . , x n ), and the 
weighted (arithmetic, geometric, harmonic) means 



Xixi H h X n x n , x-^-'-x: 




with Ai,...,A„>0, Ai H h A n = 1. 

There is also a natural notion of convergence of capacities. We say that a 
sequence c„ of generalized capacities on C converges pointwise to a generalized 
capacity c if c n {M,uj) — > c(M,lo) for every (M, oS) S C. 

These operations yield lots of dependencies between capacities, and it is natural 
to look for generating systems. In a very general form, this can be formulated 
as follows. 

Problem 5. For a given symplectic category C, find a minimal generating sys- 
tem Q for the (generalized) symplectic capacities on C. This means that every 
(generalized) symplectic capacity on C is the pointwise limit of homogeneous 
monotone functions of elements in Q , and no proper subcollection of Q has this 
property. 

This problem is already open for Ell and Pol 2n . One may also ask for gener- 
ating systems allowing fewer operations, e.g. only max and min, or only positive 
linear combinations. We will formulate more specific versions of this problem 
below. The following simple fact illustrates the use of operations on capacities. 
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Fact 6. Let C be a symplectic category containing B (resp. P). Then every 
generalized capacity c on C with c{B) ^ (resp. c(P) 7^ 0) is the pointwise limit 
of capacities. 

Indeed, if c(B) 7^ (resp. c(P) 7^ 0), then c is the pointwise limit as k — > 00 of 
the capacities 



Example 4. (i) The generalized capacity c = on Op 2n is not a pointwise limit 
of capacities, and so the assumption c(B) 7^ in Fact cannot be omitted. 

(ii) The assumption c(B) 7^ is not always necessary: 

(a) Define a generalized capacity c on Op 2n by 



Then c(B) — and c(Z) = 1, and c is the pointwise limit of the capacities 



Then c(B) = = c(Z) and c(R 2 ™) = 00, and c = lim^^ \c B - 

(iii) We do not know whether the generalized capacity Cg2n on Op 2n is the 
pointwise limit of capacities. 

Problem 6. Given a symplectic category C containing B or P and Z , charac- 
terize the generalized capacities which are pointwise limits of capacities. 

3.4 Continuity 

There are several notions of continuity for capacities on open subsets of R 2 ™, 
see [Tl 119). For example, consider a smooth family of hyper surf aces (St)- e <t<e 
in R 2n , each bounding a compact subset with interior XJ t . So is said to be of 
restricted contact type if there exists a vector field v on R 2 ™ which is transverse 
to So and whose Lie derivative satisfies L v ujq — u)q. Let c be a capacity on 
Op 2n . As the flow of v is conformally symplectic, the (Conformality) axiom 
implies (cf. [H3 P- 116]) 

Fact 7. If Sq is of restricted contact type, the function t 1— * c{U t ) is Lipschitz 
continuous at 0. 



Cfe = min (c, k cb) ( resp 



min (c, k cp) 




if vol(U) < 00, 

c B {U) if vo\{U) = 00. 



c fc = max (c, \c B ) . 
(b) Define a generalized capacity c on Op 2 ™ by 
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Fact [7| fails without the hypothesis of restricted contact type. For example, if 
So possesses no closed characteristic (such So exist by [331 EH EH)) then by 
Theorem 3 in Section 4.2 of |SU] the function t i— > chz(C^) is not Lipschitz 
continuous at 0. V. Ginzburg |35) presents an example of a smooth family of 
hypersurfaces (St) (albeit not in R 2n ) for which the function 1 1— > caz(Ut) is not 
smoother than l/2-H61der continuous. These considerations lead to 

Problem 7. Are capacities continuous on all smooth families of domains boun- 
ded by smooth hypersurfaces? 

3.5 Convex sets 

Here we restrict to the subcategory Conv 2n C Op 2n of convex open subsets of 
R 2n , with embeddings induced by global symplectomorphisms of R 2n as mor- 
phisms. Recall that a subset U C R 2n is starshaped if U contains a point p 
such that for every q € U the straight line between p and q belongs to U. In 
particular, convex domains are starshaped. 

Fact 8. (Extension after Restriction Principle [H^) Assume that ip: U R 2n 
is a symplectic embedding of a bounded starshaped domain U C R 2 ™ . Then for 
any compact subset K of U there exists a symplectomorphism $ of R 2 ™ such 
that 5>|jf = <p\k- 

This principle continues to hold for some, but not all, symplectic embeddings 
of unbounded starshaped domains, see |88) . We say that a capacity c defined 
on a symplectic subcategory of Op 2n has the exhaustion property if 

c(U) = sup{ c(V) | V C [/ is bounded }. (10) 

The capacities introduced in § [21 all have this property, but the capacity in 
Example [21 does not. By Fact [HI all statements about capacities defined on a 
subcategory of Conv 2n and having the exhaustion property remain true if we 
allow all symplectic embeddings (not just those coming from global symplecto- 
morphisms of R 2 ™) as morphisms. 

Fact 9. Let U and V be objects in C'onv 2n . Then there exists a morphism 
all — > V for every a S (0, 1) if and only if c(U) < c(V) for all generalized 
capacities c on Conv 2n . 

Indeed, the necessity of the condition is obvious, and the sufficiency follows by 
observing that aU -> U for all a G (0,1) and 1 < c v (U) < c v (V). What 
happens for a = 1 is not well understood, see § 13.61 for related discussions. 
The next example illustrates that the conclusion of Fact is wrong without the 
convexity assumption. 

Example 5. Consider the open annulus A = B(4) \ B(l) in R 2 . If | < a 2 < 1, 
then olA cannot be embedded into A by a global symplectomorphism. Indeed, 
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volume considerations show that any potential such global symplectomorphism 
would have to map A homotopically nontrivially into itself. This would force 
the image of the ball aB(l) to cover all of B(l), which is impossible for volume 
reasons. <0 

Assume now that c is a normalized symplectic capacity on Conv 2n . Using John's 
ellipsoid, Viterbo |1U(J| noticed that there is a constant C n depending only on n 
such that 

c z (U) < C n c B (U) for all U € Conv 2n 
and so, in view of ©, 

c B {U) < c(U) < C n c(Z)c B (U) for all U e Conv 2n . (11) 

In fact, C n < (2n) 2 and C n < 2n on centrally symmetric convex sets. 

Problem 8. What is the optimal value of the constant C n appearing in ^iJp ? 
In particular, is C' n = 1 ? 

Note that C n = 1 would imply uniqueness of capacities satisfying c(B) — c(Z) = 
1 on Conv 2n . In view of Gromov's Nonsqueezing Theorem, C n = 1 on Ell 2n 
and Pol 2n . More generally, this equality holds for all convex Reinhardt domains 
[ l'j) . In particular, for these special classes of convex sets 

TTCs = cf 1 = c HZ = e(-,K 2n ) = nc z . 

3.6 Recognition 

One may ask how complete the information provided by all symplectic capacities 
is. Consider two objects (M, w) and (X, f2) of a symplectic category C. 

Question 1. Assume c{M, uj) < c(X, Q) for all generalized symplectic capacities 
c on C. Does it follow that (M,uj) (X, 51) or even that (M,ui) — > (X,Vt)? 

Question 2. Assume c{M, lo) = c(X, Q) for all generalized symplectic capacities 
c on C. Does it follow that (M,u>) is symplectomorphic to (X, fi) or even that 
(M, u>) = {X, f2) in the category C ? 

Note that if (M,aoj) — > (M,u>) for all a £ (0, 1) then, under the assumptions 
of Question ^ the argument leading to Fact ED yields (M, aw) — > (X, Q) for all 
a G (0,1). 

Example 6. (i) Set U = B 2 (l) and V = B 2 (l) \ {0}. For each a < 1 there 
exists a symplectomorphism of K 2 with ip (all) C V, so that monotonicity and 
conformality imply c(U) = c(V) for all generalized capacities c on Op 2 . Clearly, 
U V, but U -» V, and U and V are not symplectomorphic. 

(ii) Set U = B 2 (l) and let V = B 2 (l) \ {(x, y)\x>0,y = 0} be the slit disc. 
As is well-known, U and V are symplectomorphic. Fact |S1 implies c{U) = c(V) 
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for all generalized capacities c on Op 2 , but clearly U V. In dimensions 
2n > 4 there are bounded convex sets U and V with smooth boundary which 
are symplectomorphic while U V, see |25| . 

(iii) Let U and V be ellipsoids in Ell 2n . The answer to Question ^ is unknown 
even for Ell 4 . For U = £(1,4) and V = B 4 (2) we have c(U) < c(V) for 
all generalized capacities that can presently be computed, but it is unknown 
whether U V, cf. 14.1.21 below. By Fact 1101 below, the answer to Question [3 
is "yes" on Ell 2 ™. 

(iv) Let U and V be polydiscs in Pol 2n . Again, the answer to Question 2] is 
unknown even for Pol 4 . However, in this dimension the Gromov radius together 
with the volume capacity determine a polydisc, so that the answer to Question|21 
is "yes" on Pol 4 . 



Problem 9. Are two polydiscs in dimension 2n > 6 with equal generalized 
symplectic capacities symplectomorphic? 

To conclude this section, we mention a specific example in which c(U) = c(V) 
for all known (but possibly not for all) generalized symplectic capacities. 

Example 7. Consider the subsets 

U = E(2, 6) x E(3, 3, 6) and V = E{2, 6, 6) x E(3, 3) 

of K 10 . Then c(U) = c(V) whenever c(B) = c(Z) by the Nonsqueezing Theorem, 
the volumina agree, and cf H (U) = c^ H (V) for all k by the product formula i|14|). 
It is unknown whether U c — > V or V U or U — » V. Symplectic homology as 
constructed in [2H1 ES] does not help in these problems because a computation 
based on jSU] shows that all symplectic homologies of U and V agree. 



3.7 Hamiltonian representability 

Consider a bounded domain U C M 2n with smooth boundary of restricted con- 
tact type (cf . § 13.41 for the definition) . A closed characteristic 7 on dU is an 
embedded circle in dU tangent to the characteristic line bundle 

C v = {(x,0 G TdU I w ((i,r)) = for all r\ e T x dU} . 

If dU is represented as a regular energy surface {x € M. 2n \ H(x) — const} of a 
smooth function H on K 2 ", then the Hamiltonian vector field Xh restricted to 
dU is a section of Cjj, and so the traces of the periodic orbits of Xh on dU are 
the closed characteristics on dU. The action A (7) of a closed characteristic 7 

on dU is defined as A (7) = J^ydx. The set 

E (U) — {kA (7) I k = 1, 2, . . . ; 7 is a closed characteristic on 9t/ } 
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is called the action spectrum of U. This set is nowhere dense in R, cf. |501 
Section 5.2], and it is easy to see that S({7) is closed and ^ £<(£/). For 
many capacities c constructed via Hamiltonian systems, such as Ekeland-Hofer 
capacities c™ and spectral capacities c CT , one has c(t/) £ S(f7), see |2UI 142) . 
Moreover, 

chz(^) = cf H (C7) = min (£(£/)) if C/ is convex. (12) 
One might therefore be tempted to ask 

Question 3. Is it true that nc(U) € ^(U) for every normalized symplectic 
capacity c on Op 2n and every domain U with boundary of restricted contact 
type? 

The following example due to D. Hermann 021 shows that the answer to Ques- 
tion |21 is "no". 

Example 8. Choose any U with boundary of restricted contact type such that 

c B {U) < c z (U). (13) 

Examples are bounded starshaped domains U with smooth boundary which 
contain the Lagrangian torus S 1 x ■ ■ • x S 1 but have small volume: According 
to G2], c z {U) > 1, while c B {U) is as small as we like. Now notice that for each 

te [0,1], 

c t = (1 - t)c B + tc z 
is a normalized symplectic capacity on Op 2n . By \Vty . the interval 

{c t (U) | *€ [0,1]} = [c B (U),c z (U)} 

has positive measure and hence cannot lie in the nowhere dense set £([/). 

D. Hermann also pointed out that the argument in Example together with 
<|12|) implies that the question "C„ = 1?" posed in Problem |S1 is equivalent to 
Question |21 for convex sets. 

3.8 Products 

Consider a family of symplectic categories C 2n in all dimensions 2n such that 

(M,w)eC 2m , (N,a)eC 2n (M x N,uj(Bo-) £C 2{m+n) . 

We say that a collection c: H^Lj C 2n — * [0, oo] of generalized capacities has the 
product property if 

c(M x N,u)®a) = mm{c(M,uj),c(N,a)} 
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for all (M,uj) G C 2m , (N,a) G C 2n . If M 2 G C 2 and c(]R 2 ) = oo, the product 
property implies the stability property 

c(MxR 2 ,w®w ) = c(M,u) 

for all (M,uj) G C 2m . 

Example 9. (i) Let E g be a closed surface of genus g endowed with an area 
form lo. Then 

, o \ \ C -B = if ,g = 0, 

cb x R , w © cj ) = <^ 

I oo if g > 1. 

While the result for g — follows from Gromov's Nonsqueezing Theorem, the 
result for g > 1 belongs to Polterovich |72l Exercise 12.4] and Jiang [S3]. Since 
cb is the smallest normalized symplectic capacity on Symp 2n , we find that no 
collection c of symplectic capacities defined on the family JJ^j Symp 2n with 
c(E g ,uj) < oo for some g > 1 has the product or stability property. 

(ii) On the family of polydiscs II™ ! Pol 2n , the Gromov radius, the Lagrangian 
capacity and the unnormalized Ekeland-Hofer capacities cF H all have the prod- 
uct property (see Section l4~2*|) . The volume capacity is not stable. 

(iii) Let U G Op Zm and V G Op 2n have smooth boundary of restricted contact 
type (cf. § 13.41 for the definition). The formula 

c™ (UxV) = min i+i=fc (cf H (U) + cf 1 (V)) , (14) 

in which we set c™ = 0, was conjectured by Floer and Hofer |U7] and has been 
proved by Chekanov |13j as an application of his equivariant Floer homology. 
Consider the collection of sets XJ\ x • • • x {/;, where each fZj G Op Sn ' has smooth 
boundary of restricted contact type, and X^=i n « = n - We denote by RCT 2n 
the corresponding category with symplectic embeddings induced by global sym- 
plectomorphisms of E 2 ™ as morphisms. If Vi are vector fields on E 2rii with 

L Vi ujo — Wo; then L Vl ^ ^,wo = on R- 2 ™- Elements of RCT 2n can therefore 

be exhausted by elements of RCT 2n with smooth boundary of restricted contact 
type. This and the exhaustion property Hl()|l of the cf H shows that (|14|l holds 
for all U G RCT 2m and V G RCT 2n , implying in particular that Ekeland-Hofer 
capacities are stable on RCT := JJ^° =J RCT 2n . Moreover, (JTIJl yields that 

C f H (£/xV0 <min( C ™(C/),cf H (^), 

and it shows that cf H on i?CT has the product property. Using (|14fl together 
with an induction over the number of factors and cf H (E(a±, . . . , a n )) < 2a\ we 
also see that cf H has the product property on products of ellipsoids. For k > 3, 
however, the Ekeland-Hofer capacities cf H on RCT do not have the product 
property. As an example, for U — B 4 (A) and V — E(3, 8) we have 

cf H (C/ x V) = 7 < 8 = min (cf H (C7), cf K (V)) . 
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Problem 10. Characterize the collections of (generalized) capacities on poly- 
discs that have the product (resp. stability) property. 

Next consider a collection c of generalized capacities on open subsets Op 2n . 
In general, it will not be stable. However, we can stabilize c to obtain stable 
generalized capacities : JJ^L t Op 2n — ► [0, oo], 

c + (U) := limsupc([/ x R 2fc ), c~(U) := liminf c([/ x R 2fe ). 

h — ■> oo k—>-oo 

Notice that c(f/) = c+([/) = c~(U) for all [7 € ]J^ =1 Op 2 ™ if and only if c is 
stable. If c consists of capacities and there exist constants a, A > such that 

a < c(s 2n (l)) < c(V"(l)) < A for all neN, 

then c^ are collections of capacities. Thus there exist plenty of stable capacities 
on Op 2n . However, we have 

Problem 11. Decide stability of specific collections of capacities on Conv 2n or 
Op 2n , e.g.: Gromov radius, Ekeland-Hofer capacity, Lagrangian capacity, and 
the embedding capacity cp of the unit cube. 

Problem 12. Does there exist a collection of capacities on Conv 2 " or 

II^Li Op 2n with the product property? 

3.9 Higher order capacities ? 

Following 02! > we briefly discuss the concept of higher order capacities. Consider 
a symplectic category C C Symp 2n containing Ell 2n and fix d € {1, . . . , n}. A 
symplectic d- capacity on C is a generalized capacity satisfying 

(d-Nontriviality) < c(B) and 

c(B 2d {l) x R 2 ("- d )) < oo, 

c ( B 2(d-l) (1) xK 2(n-d+l)) =Q0 ^ 

For d = 1 we recover the definition of a symplectic capacity, and for d = n the 
volume capacity 

C V ol IS 8- symplectic n-capacity. 

Problem 13. Does there exist a symplectic d-capacity on a symplectic category 
C containing Ell 2n for some d £ {2, . . . , n — 1} ? 

Problem 1131 on Symp 2n is equivalent to the following symplectic embedding 
problem. 

Problem 14. Does there exist a symplectic embedding 

B 2(d-i)^ x R 2(n-d+i) ^ B 2d {R) x R 2 ("- d ) (15) 

for some R < oo and d € {2, . . . , n — 1} ? 
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Indeed, the existence of such an embedding would imply that no symplectic 
d-capacity can exist on Symp 2n . Conversely, if no such embedding exists, then 
the embedding capacity c Z2d into i?2d = B 2d (l) xR 2 ( n_d ) would be an example of 
a d-capacity on Symp 2n . The Ekeland-Hofer capacity cf H shows that R > 2 if a 
symplectic embedding (|15|) exists. The known symplectic embedding techniques 
are not designed to effectively use the unbounded factor of the target space in 
I] 15(1. E.g., multiple symplectic folding only shows that there exists a function 
/: [l,oo) — * K with /(a) < V2a + 2 such that for each a > 1 there exists a 
symplectic embedding 

B 2 (l) x B 2 (a) xM 2 ^B 4 (/(a)) x R 2 

of the form <p x id%, see [HH1 Section 4.3.2]. 

4 Ellipsoids and polydiscs 

In this section we investigate generalized capacities on the categories of ellipsoids 
Ell 2n and polydiscs Pol 2n in more detail. All (generalized) capacities c in 
this section are defined on some symplectic subcategory of Op 2n containing 
at least one of the above categories and are assumed to have the exhaustion 
property H10|l. 

4.1 Ellipsoids 

4.1.1 Arbitrary dimension 

Wc first describe the values of the capacities introduced in §0on ellipsoids. 
The values of the Gromov radius eg on ellipsoids are 

c B (i;(ai, . . . ,a„)) = min{ai, . . .,«„}. 

More generally, monotonicity implies that this formula holds for all symplectic 
capacities c on Op 2n with c(B) = c(Z) = 1 and hence also for ^c™, ^chz, 
ie(-,JR 2n ) and c z . 

The values of the Ekeland-Hofer capacities on the ellipsoid E{a\, . .. ,a n ) can 
be described as follows [201 - Write the numbers m a.;7r, m £ N, 1 < i < n, in 
increasing order as d\ < d,2 < . . . , with repetitions if a number occurs several 
times. Then 

cf H (-E(ai, . . . ,a„)) = d k . 

The values of the Lagrangian capacity on ellipsoids are presently not known. In 
[TT) . Cieliebak and Mohnke expect to prove the following 

Conjecture 1. 

c L (E(ax,...,a n )) = — — ——77 ■ 
1/ai H h l/a„ 
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Since vol(i?(ai, . . . , a„)) = a\ ■ ■ ■ a n vo\(B) 1 the values of the volume capacity 
on ellipsoids are 

c vo i(E(ai, . . . , On)) = (ax ■ ■ ■ a n ) 1/n . 

In view of conformality and the exhaustion property, a (generalized) capacity 
on Ell 2n is determined by its values on the ellipsoids E(a\, . . . , a n ) with < 
<X\ < • • • < a n = 1. So we can view each (generalized) capacity c on ellipsoids 
as a function 

c(oi, . . . , o„_i) := c (-B(ai, . . . , a n -i, 1)) 

on the set {0 < ai < • ■ ■ < a n _i < 1}. By Fact|7| this function is continuous. 
This identification with functions yields a notion of uniform convergence for 
capacities on Ell . 

For what follows, it is useful to have normalized versions of the Ekeland-Hofer 
capacities, so in dimension In we define 



Ck 



Proposition 1. As k — > oo, for every n > 2 the normalized Ekeland-Hofer 
capacities Ck 
given by 



capacities Ck converge uniformly on Ell 2n to the normalized symplectic capacity 



Coo (E{ai, . . . , a n )) = 



1/ai -\ + l/a r , 



Remark. Note that Conjecture ^ asserts that Coo agrees with the normalized 
Lagrangian capacity cl = nc^/ir on Ell 2n . 

Proof of Proposition^ Fix e > 0. We need to show that \ck{a) — Coo(a)| < e 
for every vector a = (ai, . . . , a n ) with < ai < a% < • • • < a n = 1 and all 
sufficiently large k. Abbreviate 5 — e/n. 

Case 1. di < 5. Then 

c|' H (a) < k5n, Cfe(a) < nd, Coo(a) < nS 

from which we conclude \ck{a) — Coo(a)\ < nS — e for all k > 1. 
Case 2. ai > <5. Let fc > 2^2^- + 2. For the unique integer I with 

7rZ a„ < Cfc H (a) < 7r(Z + l)a„ 

we then have I > 2. In the increasing sequence of the numbers ma; (to € N, 
1 < i < n), the first [Za„/ai] multiples of a, occur no later than Io„. By the 
description of the Ekeland-Hofer capacities on ellipsoids given above, this yields 
the estimates 

(I - 1) a„ (I - 1) a n (Z + 1) a n (Z + 1) a n 
< k < . 



ai a„ ai 
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With 7 := a n /a\ + • • • + a n /a n this becomes 

(Z-l)7<fc< (Z + l)7 
Using 7 > n, we derive the inequalities 
'k + n-1 



n 

k + n-1 



n 



K k +1< (l + lh + n < (Z + 2) 7 

— n ~~ n — n 

> k > (Z- 1)7 _ 

— n — n 



With the definition of cu and the estimate above for , we find 

nZa„ _ c fe H (a) n(Z + l)a„ 

< Ck(a) = ...... „. < 



(Z + 2) 7 -™ " (Z - 1)7 

Since €00(0) = na n /j, this becomes 



Z + 2 



Coo(a) < Cfe(a) < j-c^a), 



which in turn implies 
Since a\ > 5 we have 



|cfc(a) - Coo (a) I < 



1 

2coo(a) 
Z-l ' 



7< 



+ i>*>M, 

7 n 



from which we conclude 



\c k (a) - Coo(a)| < 



< 



2n 



I - 1 - kS - 2n 



< £ 



for k sufficiently large. □ 
We turn to the question whether Ekeland-Hofcr capacities generate the space 
of all capacities on ellipsoids by suitable operations. First note some easy facts. 

Fact 10. An ellipsoid E C M 2 " is uniquely determined by its Ekeland-Hofer 
capacities cf B (E), cf H (£), .... 

Indeed, if E(a) and E(b) are two ellipsoids with a, = bi for i < k and < bk, 
then the multiplicity of at in the sequence of Ekeland-Hofer capacities is one 
higher for E(a) than for E(b), so not all Ekeland-Hofer capacities agree. 

Fact 11. For every k <G N f/iere exisi ellipsoids E and E' with cf H (E) = cf n (E') 
fori<k and cf H (£) ^ cf H (£')- 
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For example, we can take E = E(a) and E 1 = E(b) with a\ = b\ = 1, — 
k — 1/2, &2 = k + 1/2, and dj = bi = 2k for i > 3. So formally, every generalized 
capacity on ellipsoids is a function of the Ekeland-Hofer capacities, and the 
Ekeland-Hofer capacities are functionally independent. However, Ekeland-Hofer 
capacities do not form a generating system for symplectic capacities on Ell n 
(see Example I1UI below - ) . and on bounded ellipsoids each finite set of Ekeland- 
Hofer capacities is determined by the (infinitely many) other Ekeland-Hofer 
capacities: 

Lemma 1. Let d\ < d% < . . . be an increasing sequence of real numbers obtained 
from the sequence c^(E) < c^^(E) < ... of Ekeland-Hofer capacities of a 
bounded ellipsoid E S Ell 2n by removing at most No numbers. Then E can be 
recovered uniquely. 

Proof. We first consider the special case in which E = E(ai, . . . , a n ) is such that 
ai/aj £ Q for all In this case, the sequence d% < d% < . . . contains infinitely 
many blocks of n consecutive equal numbers. We traverse the sequence until 
we have found No + 1 such blocks, for each block dk = d^+i = ■ ■ ■ = dk+ n -i 
recording the number g^ := dk+ n — dk- The minimum of the gk for the Nq + 1 
first blocks equals a\. After deleting each occurring positive integer multiple of 
(Zi once from the sequence d\ < d% < . . . , we can repeat the same procedure to 
determine a^, and so on. 

In general, we do not know whether or not ai/aj € Q for all To reduce to the 
previous case, we split the sequence di < d% < . . . into (at most n) subsequences 
of numbers with rational quotients. More precisely we traverse the sequence, 
grouping the di into increasing subsequences si, S2, ■ ■ ■ , where each new number 
is added to the first subsequence Sj whose members are rational multiples of it. 
Furthermore, in this process we record for each sequence Sj the maximal length 
lj of a block of consecutive equal numbers seen so far. We stop when 

(i) the sum of the lj equals n, and 

(ii) each subsequence Sj contains at least N + 1 blocks of lj consecutive equal 
numbers. 



Now the previously described procedure in the case that ai/aj € Q for all i,j 
can be applied for each subsequence Sj separately, where lj replaces n in the 
above argument. □ 

Remark. If the volume of E is known, one does not need to know Nq in Fact^ 
The proof of this is left to the interested reader. 

The set of Ekeland-Hofer capacities does not form a generating system for sym- 
plectic capacities on Ell 2n . Indeed, the volume capacity c vo i is not the pointwise 
limit of homogeneous monotone functions of Ekeland-Hofer capacities: 



2G 



Example 10. Consider the ellipsoids E = E(1,...,1, 3 n +l) and F = E(3, . . . , 3) 
in Ell 2n . As is easy to see, 

cf H (£) < cf H ( J F) for all k. (16) 

Assume that fi is a sequence of homogeneous monotone functions of Ekcland- 
Hofer capacities which converge pointwise to c vo i. By l|ltj|) and the monotonicity 
of the fi we would find that c vo i(E) < c vo \(F). This is not true. 

Problem 15. Do the Ekeland-Hofer capacities together with the volume capacity 
form a generating system for symplectic capacities on Ell 2n ? 

If the answer to this problem is "yes" , this is a very difficult problem as Lemma[3] 
below illustrates. 

4.1.2 Ellipsoids in dimension 4 

A generalized capacity on ellipsoids in dimension 4 is represented by a function 
c(a) := c[E(a, 1)) of a single real variable < a < 1. This function has the 
following two properties. 

(i) The function c(a) is nondecreasing. 

(ii) The function c{a)/a is nonincreasing. 

The first property follows directly from the (Monotonicity) axiom. The second 
property follows from (Monotonicity) and (Conformality): For a < b, E(b, 1) C 
E (-a, -), hence c(b) < fc(a). Note that property (ii) is equivalent to the 
estimate 

c(b) - c(a) < c(o) 
b — a ~ a 

for < a < b, so the function c(a) is Lipschitz continuous at all a > 0. We will 
restrict our attention to normalized (generalized) capacities, so the function c 
also satisfies 

(iii) c (l) = 1. 

An ellipsoid E{a\, . . . , a n ) embeds into E(b\, . . . , b n ) by a linear symplectic 
embedding only if a; < bi for all i, see |5()| . Hence for normalized capacities 
on the category LinEll^ of ellipsoids with linear embeddings as morphisms, 
properties (i), (ii) and (iii) are the only restrictions on the function c(a). On 
Ell^ , nonlinear symplectic embeddings (" folding" ) yield additional constraints 
which arc still not completely known; see |88| for the presently known results. 

By Fact^ the embedding capacities cb and c B are the smallest, resp. largest, 
normalized capacities on ellipsoids. By Gromov's Nonsqueezing Theorem, cb (a) = 



27 



ci(a) = a. The function c B (a) is not completely known. Fact ^ applied to C2 
yields 

c B {a) = 1 if a e [|,1] and c B (a) > 2a if a G (0, ±] , 

and Fact ^ applied to c vo i yields c B (a) > y/a. Folding constructions provide 
upper bounds for c B (a). Lagrangian folding |96| yields c B {a) < 1(a) where 

/ ( k + !)« for fe(fcTTT ^ a ^ (fc-iKfc+i) 

t fe t01 ' fe(fc+2) - a - fe(fe+l) 

and multiple symplectic folding 88 yields c B (a) < s(a) where the function s(a) 
is as shown in Figure^ While symplectically folding once yields c B (a) < a + 1/2 
for a e (0, 1/2], the function s(a) is obtained by symplectically folding "infinitely 
many times" , and it is known that 




► a 



Figure 1: Lower and upper bounds for c B (a). 
Let us come back to Problem 1151 

Lemma 2. If the Ekeland-Hofer capacities and the volume capacity form a 
generating system for symplectic capacities on Ell 2n , then c B (j) = |. 

We recall that c B (^) = | means that the ellipsoid E(1,A) symplectically em- 
beds into B 4 (2 + e) for every e > 0. 

Proof of Lemma\^ We can assume that all capacities are normalized. By as- 
sumption, there exists a sequence fi of homogeneous and monotone functions 
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in the Ck and in c vo i forming normalized capacities which pointwise converge to 
c B . As is easy to see, Ck (E (|, l)) < Ck (-B 4 (i)) for all k, and c vo i {E (|, l)) = 
c V oi (-B 4 Ck)\ Since the fi are monotone and converge in particular at E l) 
and B 4 (§) to c B , we conclude that c B (±) = c B (£ (±, l)) < c s (B 4 (±)) = ±, 
which proves Lemma □ 

In view of Lemma the following problem is a special case of Problem 1151 
Problem 16. Is it true that c B (±) = ± ? 

The best upper bound for c B (|) presently known is s (|) ~ 0.6729. Answering 
Problem ^j] in the affirmative means to construct for each e > a symplectic 
embedding E l) — * B 4 (| + e). We do not believe that such embeddings 
can be constructed "by hand" . A strategy for studying symplectic embeddings 
of 4-dimcnsional ellipsoids by algebro-geometric tools is proposed in |B] . 

Our next goal is to represent the (normalized) Ekeland-Hofer capacities as em- 
bedding capacities. First we need some preparations. 

From the above discussion of c B it is clear that capacities and folding also yield 
bounds for the functions c E ^' b ' and Ce(i ,b)- We content ourselves with noting 

Lemma 3. Let N 6 N be given. Then for N < b < N + 1 we have 

c E(i, b){a) = J 5 f° r JTi ^ I ( 18) 
[a lor 5 < a < 1 

and 

(a for < a < i, 
CE(1,6)0) = J . ! J (19) 

II for !<a<^, 

see Figure El 

Remark. Note that (|19|l completely describes ce(i.b) on the whole interval (0, 1] 
for 1 < b < 2. 

Proof. As both formulas are proved similarly, we only prove l|18|) . The first 
Ekeland-Hofer capacity gives the lower bound e B ( 1 ' 6 )(a) > a for all a € (0,1]. 
Note that for a > r this bound is achieved by the standard embedding, so that 
the second claim follows. 

For j^rj < a < we have c~N+i(E(a, 1)) = 1 and cn+i(E(1, b)) = b. Hence by 
Fact^we see that c E ^ 1,b ^ > i on this interval, and this bound is again achieved 
by the standard embedding. This completes the proof of l|18|) . □ 

Remark. Consider the functions 

e\a) := c E ^' b \a), a 6(0,1], b> 1. 
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Figure 2: The functions c E ^ 1,b \a) and CE(i t b)( a ) f° r b = 



Notice that e 1 = c B . By Gromov's Nonsqueezing Theorem and monotonicity, 
a = c B {a) = c z (a) < e b {a) < c B {a), a G (0, 1], b > 1. 

Since e b (a) = (cE( a ,i) £>))) 1 by equation 0, we see that for each a e (0, 1] 
the function b i— ► e b (a) is monotone decreasing and continuous. By iJTSJ, it 
satisfies e b (a) = a for a > 1/6. In particular, we see that the family of graphs 
{graph (e b ) | 1 < b < oo} fills the whole region between the graphs of eg and 
c B , cf. Figure H] 

The normalized Ekeland-Hofer capacities are represented by piecewise linear 
functions Cf.(a). Indeed, c\{a) = a for all a S (0, 1], and for k > 2 the following 
formula follows straight from the definition 

Lemma 4. Setting m := [^|^] , fie function ct : (0, 1] — * (0, 1] is given by 

( k+l-i „ r„_ i-1 



a for < a < 



Cfe(a) = < i { l (20) 

Here i takes integer values between 1 and m. 

Figure shows the first six of the Ck and their limit function Coo according to 
Proposition H 

In dimension 4, the uniform convergence Cfc — > c,^ is very transparent, cf. Fig- 
ureini One readily checks that c^— > if A; is even, in which case \\ck — Cao\\ — 
5fTT) and that — Cqq < if fc = 2to— 1 is odd, in which case ||cfc — c^ll = r ^, 1 
if k > 3. Note that the sequences of the even (resp. odd) Ck are almost, but not 
quite, decreasing (resp. increasing). We still have 

Corollary 1. For all r,s£N, we have 

Civs < C~2r- 
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Figure 3: The first six Ck and Coo. 

This will be a consequence of the following characterization of Ekeland-Hofer 
capacities. 

Lemma 5. Fix k 6 N and denote by [a/, 6;] the interval on which Ck has the 
value ,,.1-. . . TTien 



(a) Cfe < c /or every capacity c satisfying Ck(ai) < c(a;) /or a/Z Z = 1, 2, ... , [^^] - 

(b) Ck > c for every capacity c satisfying Ck(h) > c(&;) /or aZZ Z = 1, 2, . . . , [|] 
and 

c(a) k 
lim < 



a^O a 



fe+11 
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Proof. Formula H17[l and Lemma^show that where a normalized Ekeland-Hofer 
capacity grows, it grows with maximal slope. In particular, going left from the 
left end point ai of a plateau a normalized Ekeland-Hofer capacity drops with 
the fastest possible rate until it reaches the level of the next lower plateau 
and then stays there, showing the minimality. Similarly, going right from the 
right end point 6; of some plateau a normalized Ekeland-Hofer capacity grows 
with the fastest possible rate until it reaches the next higher level, showing the 
maximality. □ 

Proof of Corollary QJ' The right end points of plateaus for c~2 r are given by 
bi = ^r-i - Thus we compute 

i is 



Cir -Z : = - = = C 2rs ~ ~ = C 2 



2r — i J r rs \ 2rs — is I V 2r — i 
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and the claim follows from the characterization of ci r by maximality. □ 

Lemma |21 and the piecewise linearity of the suggest that they may be repre- 
scntable as embedding capacities into a disjoint union of finitely many ellipsoids. 
This is indeed the case. 

Proposition 2. The normalized Ekeland-Hofer capacity Cfe on Ell^ is the ca- 
pacity c Xk of embeddings into the disjoint union of ellipsoids 



3 3 



where m = [^rp 



Proof. The proposition clearly holds for k = 1. We thus fix k > 2. Recall from 
Lemma0]that Ck has [|] plateaus, the j th of which has height -jj- and starts at 
a j := k+i-j an< ^ en ds at bj :— j^j- The j th ellipsoid in Proposition [21 is found 
as follows: In view of 1|18|1 we first select an ellipsoid E(l, b) so that the point I 
corresponds to bj. This ellipsoid is then rescaled to achieve the correct height 
^ of the plateau (note that by conformality, ac B(Q < Qb) = c £(1 < b) for a > 0). We 
obtain the candidate ellipsoid 

E J= E 



k - j ' j 

The slope of Ck following its j th plateau and the slope of c Ej after its plateau 
both equal The cylinder is added to achieve the correct behaviour near 

a = 0. We are thus left with showing that for each 1 < j < [|] , 

Cfe (a) < c E] (a) for all a € (0, 1]. 

According to Lemma (a) it suffices to show that for each 1 < j < [|] and 
each 1 < I < [|] we have 

ck{ai) = - < c E >(ai), (21) 

For I > j, the estimate (|21|l follows from the fact that Ck = c Ej near bj and from 
the argument given in the proof of LemmaEl (a) , and for I = j the estimate l|21|l 
follows from Ijl8(l of Lemma by a direct computation. We will deal with the 
other cases 

l<Z<j< 

by estimating c Ej (ai) from below, using Fact ^ with c ~ c vo \ and c — C2- 
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Fix j and recall that c vo i(E(x, y)) = y/xy, so that 
c E >{ ai ) > 



c vol {E(a h l)) j lj{k-j) 



Cvol 



( TP ( m m 



(k + 1 - l)m 2 



I 3(k-j) 



m U (k + 1 - 1)1 



gives the desired estimate (|2TJ) if j(k — j) > —I 2 + (k + l)l. Computing the roots 
l± of this quadratic inequality in I, we find that this is the case if 



f 



l<l- = -(k+l- ^l + 2k + (k-2j) 2 

Computing the normalized second Ekeland-Hofer capacity under the assumption 
that m < \, we find that C2(E(ai, 1)) = 2a/ = fc+ 2 1 '_ i and C2(Ej) < y, so that 

c E J(a| )>^ML> 21 i - l ^ 



-■ f TP f m ni)\ k + l — l m m k + l — l' 

2 \ \k-J> 3 ) ) 

which gives the required estimate l|21|) if 

I > k + 1 - 2j. 

Note that for \ < ai < 1 we have C2(E(ai, 1)) = 1 and hence 

c 2 (E( ai ,l)) > L > L 



trivially, because we only consider I < j. 

So combining the results from the two capacities, we find that the desired esti- 
mate (EB holds provided either I < I- = \ (k + 1 - yjl + 2k + (k - 2j) 2 ^ or 
I > k + 1 — 2j . As we only consider I < j , it suffices to verify that 

min(j - 1, k+ 1 - 2j) < - (k + 1 - ^l + 2k + (k - 2j) 2 

for all positive integers j and k satisfying 1 < j < [-|] . This indeed follows from 
another straightforward computation, completing the proof of Proposition^ □ 

Using the results above, we find a presentation of the normalized capacity Cqo = 
lim/j^oo Cfe on Ell 4 as embedding capacity into a countable disjoint union of 
ellipsoids. Indeed, the space X\ r appearing in the statement of Proposition|3is 
obtained from X 2r by adding r more ellipsoids. Combined with Proposition ^ 
this yields the presentation 

Coo = c x on Ell 4 , 
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where X = U^° =1 X 2r is a disjoint union of countably many ellipsoids. Together 
with Conjecture ^ the following conjecture suggests a much more efficient pre- 
sentation of Cqo as an embedding capacity. The following result should also be 
proved in |17|. 

Conjecture 2. The restriction of the normalized Lagrangian capacity cl to Ell^ 
equals the embedding capacity c x , where X is the connected subset B(l) U Z(^) 
o/R 4 . 

For the embedding capacities from ellipsoids, we have the following analogue of 
Proposition |21 

Proposition 3. The normalized Ekeland-Hofer capacity c k on Ell^ is the max- 
imum of finitely many capacities CE k j of embeddings of ellipsoids E k j, 

Cfc(a) = max{c,E fc 3 (a) | 1 < j < to}, a G (0, 1], 

where 

(mm 
Ek,j = E I t— — :,- 

with m = [^±i] . 

Proof. The ellipsoids E k j are determined using (|19|l in Lemma|21 According to 
LemmaEl(b), this time it suffices to check that for all 1 < j < I < [|] the values 
of the corresponding capacities at the right end points bi = of plateaus of 
c~k satisfy 

CE hJ {h)<- = c k {h). (22) 

J TO 

The case I = j follows from p9|l in Lemma |3 by a direct computation. For the 
remaining cases 

l<j<l< 

we use three different methods, depending on the value of j. If j < ^p, then 
Fact n with c = c vo \ gives 11221) by a computation similar to the one in the proof 
of Proposition [3 If j > pp , then cij = k+ \_j > \ , so that (|19fl in Lemma |21 
shows that CE k d is constant on [oj , 1] , proving I122II in this case. Finally, if j = ^ 
and l>j + l, then c 2 (i?fcj) = k +™_j and c 2 (fe;) = 1, so that with Fact^ 

c^bOK—^-, 

which is smaller than — for the values of j and I we consider here. This completes 
the proof of Proposition □ 

Here is the corresponding conjecture for the normalized Lagrangian capacity. 

Conjecture 3. The restriction of the normalized Lagrangian capacity c~l to 
Ell 2n equals the embedding capacity Cp(i/„ ) ... il /„) of the cube of radius 1/y/n. 
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4.2 Poly discs 

4.2.1 Arbitrary dimension 

Again we first describe the values of the capacities in §|2]on polydiscs. 
The values of the Gromov radius cb on polydiscs are 

Cb(P(<2i, . . .,a„)) = min{ai, . . . , a„}. 

As for ellipsoids, this also determines the values of cf , chz, e(-,R 2 ™) and c z . 
According to |2D], the values of Ekcland-Hofcr capacities on polydiscs are 

cf H (P(ai, . . . , a„)) = fc7rmin{ai, . . . ,a„}. 

Using Chekanov's result that A m - m (L) < e(L,M. 2n ) for every closed La- 
grangian submanifold L C R 2n , one finds the values of the Lagrangian capacity 
on polydiscs to be 

c L (P(ai, . . . ,a„)) = 7rmin{ai, . . . , a„}. 

Since vol(P(ai, . . . , a n )) = a\ • • ■ a n ■ n" and vol(£? 2 ") = 2L r , the values of the 
volume capacity on polydiscs are 

c vo i(P(ai, . . . ,a n )) = (ai ■ ■ ■ a n ■ n\) 1/n . 

As in the case of ellipsoids, a (generalized) capacity c on Pol 2n can be viewed 
as a function 

c(a%, a„_i) := c (P(ai, . . . , a„_i, 1)) 

on the set {0 < ai < ■ • • < a„_i < 1}. Directly from the definitions and the 
computations above we obtain the following easy analogue of Proposition ^ 

Proposition 4. As k — > oo, the normalized Ekeland-Hofer capacities Ck con- 
verge on Pol 2n uniformly to the normalized Lagrangian capacity c~l = hcl/t^- 

Propositions 0] and ^ (together with Conjecture^ give rise to 

Problem 17. What is the largest subcategory of Op 2n on which the normalized 
Lagrangian capacity is the limit of the normalized Ekeland-Hofer capacities ? 

4.2.2 Polydiscs in dimension 4 

Again, a normalized (generalized) capacity on polydiscs in dimension 4 is repre- 
sented by a function c(a) :— c(P(a, 1)) of a single real variable < a < 1, which 
has the properties (i), (ii), (iii). Contrary to ellipsoids, these properties are not 
the only restrictions on a normalized capacity on 4-dimensional polydiscs even if 
one restricts to linear symplectic embeddings as morphisms. Indeed, the linear 
symplectomorphism 

(zi, z 2 ) i-> —=(zi + z 2 , Z\ - z 2 ) 
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of R 4 yields a symplectic embedding 
for any a, b > 0, which implies 

Fact 12. For any normalized capacity c on LinPol 4 , 

, . la r - 
c{a) < - + - + V a. 

Still, we have the following easy analogues of Propositions |21 and [3J 

Proposition 5. The normalized Ekeland-Hofer capacity Ck on Pol 4 is the ca- 
pacity cr k , where 

as well as the capacity cy , where 

Corollary 2. The identity Ck = c Xh of Proposition^ extends to Ell 4 U Pol 4 . 

Proof. Note that Yk is the first component of the space Xk of Proposition It 
thus remains to show that for each of the ellipsoid components Ej of Xk , 

c k {P(a,l)) < c E i (P(o,l)), ae (0,1]. 

This follows at once from the observation that for each j we have cf H (Ej) = 
[^±i]7r, whereas cf H (P(a, 1)) = kan. □ 

Problem 18. Does the equality Ck = c Xk hold on a larger class of open subsets 
ofR 4 ? 
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